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The  d i v i s i o n  of a r e c t a n g u l a r  p i l e  of s u b s o i l  w a t e r  b e t w e e n  two c h a n n e l s  w i t h  d i f f e r e n t  w a t e r  l e v e l s  i s  
c o n s i d e r e d .  E v a p o r a t i o n  is  a l l o w e d  fo r  a s  a f u n c t i o n  of the  dep th  of the  s u b s o i l  s t r e a m .  The  p r o b l e m  
r e d u c e s  to  s o l u t i o n  of a n o n l i n e a r  i n t e g r a l  e q u a t i o n  and  is  s o l v e d  a p p r o x i m a t e l y  by  a m e t h o d  d e v e l o p e d  
f r o m  the  m e t h o d  of s u c c e s s i v e  r e p l a c e m e n t  of s t a t i o n a r y  s t a t e s .  A n u m e r i c a l  e x a m p l e  i s  g iven .  

1. We s e e k  the  s o l u t i o n  of t he  d i f f u s i o n  e q u a t i o n  

w h e r e  f ( h )  is  the  n o n l i n e a r  f u n c t i o n  

Oh 20~h - 
o-7 = a -5~-~. + l ( h ) 

0 (h < ho) 

/ ( h )  = ---bh-}-cH (h>ho)  

in the  i n t e r v a l  0 < x < L wi th  t he  i n i t i a l  c o n d i t i o n  

(1.1) 

(b>O) (1.2) 

h (x, o) = ~ (x) 

and  the  b o u n d a r y  c o n d i t i o n s  

h (0, t) = / / 1 ,  h (L, 

T h i s  p r o b l e m  is of the  type  d i s c u s s e d  in [ 1 - 5 ] .  

(1.3) 

t) = H2 (1.4) 

The  p r o b l e m  of i n t e g r a t i n g  E q s .  (1.1) a n d  (1.2) u n d e r  c o n d i t i o n s  (1.3) and  (1.4) a r i s e s  w h e n  c o n s i d e r i n g  t h e  
d i v i s i o n  of a p i l e  of s u b s o i l  w a t e r  of t he  i n i t i a l  s h a p e  (1.3) b e t w e e n  two c h a n n e l s  s p a c e d  a d i s t a n c e  L a p a r t ,  u n d e r  the  
a s s u m p t i o n  t h a t  a t  the  i n i t i a l  i n s t a n t  the  w a t e r  l e v e l s  in  the  c h a n n e l s  s u d d e n l y  b e c o m e  equa l  to  H 1 a n d  H 2 and  u n d e r  
the  a d d i t i o n a l  a s s u m p t i o n s  t h a t  e v a p o r a t i o n  o c c u r s  w h e n  h > h 0 and  d o e s  no t  o c c u r  w h e n  h < h 0. The  d e g r e e  of 
e v a p o r a t i o n f ( h )  is a s s u m e d  to  b e  e i t h e r  a l i n e a r  f u n c t i o n  of the  s u b s o i l  w a t e r  l e v e l  h (b > 0, c = b,  H = h 0) o r  c o n s t a n t  
( b = 0 ,  c H < 0 ) .  

In (1.1) a 2 = k H . / ~ ,  w h e r e  k is a f i l t e r i n g  f a c t o r ,  H ,  is the  m e a n  d e p t h  of  the  s u b s o i l  s t r e a m ,  a n d  ~ is the  
d e f i c i e n c y  of s a t u r a t i o n  o r  w a t e r  y i e ld .  

C o n s i d e r  t he  c a s e  in  w h i c h  t he  l e v e l  of  t he  s u b s o i l  w a t e r  i s  c o n s t a n t  a t  t he  i n i t i a l  i n s t a n t :  

h (~, 0) = Ho (1.5) 

w h e r e  i t  wi l l  b e  a s s u m e d  t h a t  H 1 < h 0 _< H 0 _< H 2. P r o b l e m  (1.1) ,  (1.2) ,  (1 .4) ,  (1.5) t hen  r e d u c e s  to  s o l u t i o n  of the  
e q u a t i o n s  

oh~ _ aS ~"~h_~ hi(0 , t) = H1, hl(%(t) , t) = ho (O<x<~(t))  (1.6) 
ot Ox 2 ' 

and 

Oh~ _ a2 02h~ _ bhr + c H  
ot 

h2 (x ,  O) = Ho,  h 2 ( L ,  t) = H 2 ,  h 2 [%(t), t] = ho (~ ( t ) ~ x < L )  

H e r e ,  x = • is  a b o u n d a r y ,  no t  known in a d v a n c e ,  on w h i c h  

(1.7) 
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""[a~"~h[~'f§ t] :ho,.. Oh~[z(t) ,t] _Ohe[z(t),t] (1.8) Ox Ox 

The l a s t  condi t ion  i m p l i e s  the  cont inu i ty  of the f low in the c r o s s  s e c t i o n  x = ~(t); a f t e r  a s s u m i n g  that  X(t) is such  
that  X(0) = 0, i t  is we l l  known that  the  func t ions  hi(x,  t) and h2(x, t) m a y  be found f r o m  (1.6) and (1.7), whi le  • is g iven  
by the  s econd  of Eqs .  (1.8). 

C o n s i d e r  the a s y m p t o t i c  f o r m  of the  so lu t ion  of  our  p r o b l e m  c l o s e  to t = 0, x = 0; we have  

�9 x hl(x,t)~h~(x, t)=Hz+(FI.--H1) ( 2 a - ~ )  
z 

( ( D ( z ) : - ~ i e x p ( - - s ' ) d s )  ( 1 . 9 )  
0 

Eqs .  (1.6) and (1.7) a r e  then  s a t i s f i e d  up to h i g h e r - o r d e r  t e r m s ,  whi le  in i t ia l  condi t ion  (1.5), the f i r s t  of the 
boundary  condi t ions  (1.4), and the s e c o n d  of condi t ions  (1.8) a r e  a l s o  s a t i s f i ed .  On s a t i s fy ing  the f i r s t b o u n d a r y  con-  
d i t ion  of (1.8), an equa t ion  is ob ta ined  fo r  the c u r v e  x = x(t) in the ne ighborhood  of t = 0, x = 0: 

w h e r e  D is the  un ique  r o o t  of  the  equa t ion  

x = z (t) = D V ~  ( 1 . 1 o )  

(D) ho--nl 
el) ~ H0 -- Hz 

Take the c a s e  b > 0, c = b, H = h 0. Subs t i tu t ing  

v = (h - -  ho)e bt 

p r o b l e m  (1.7) r e d u c e s  to so lv ing  the h e a t - c o n d u c t i o n  equat ion  

av a~v 

v (x,  O) = H o - - h  o 

v (L, t) ~ ( i t  2 - -  ho)e bt, v [Z (t), t] ~ O, (0 ~ X (t) ~ L )  

The second  condi t ion  of (1.8) h e r e  t r a n s f o r m s  to 

Oh1 ix( t) ,  t] [z(t) ,  t] Ox ~exp  (-- bt) Ov Ox 

(1.11) 

(1.12) 

(1.13) 

(1.14) 

(1.15) 

(1.16) 

Ins t ead  of hi(x,  t), we c o n s i d e r  the funct ion  hi(x, t) - h 0. The in i t ia l  condi t ion  (1.6) then b e c o m e s  

hl[z (t), t] --  h0 = 0 (1.17) 

A p r o b l e m  s i m i l a r  to that  d e s c r i b e d  by Eqs .  (1.6) and (1.13) under  in i t ia l  cond i t ion  (1.14) and boundary  condi t ions  
(1.6),  (1.17) and (1.15), (1.16) was  c o n s i d e r e d  in [2]. 

It can  be s e e n  that  hi(x,  t) is g iven  by 

t 
a ~ vl('O [exp ix t 4a ~ (t - -  T) " 

(I) x --exp{--[x-}-)~('r)]2}ld'r+(H1--h~ ~ (t --'r) ( 2 a ~ ) ]  

(O(z)= 2 iexp(_s,)ds) (1.18) 
V#- ~ 

The fo l lowing  e x p r e s s i o n  is ob ta ined  fo r  v(x, t): 

595 



t 

a ~ ve (x) [exp [z--X(~)] ~] {- 
--exp{ ix -}- X ('0 -- 2L]~ 

4a~ (t__ ~) }] dr 
L 

4a~t ~ -- exp ~-- ~ ' j j  
0 

- - ~ ~ ( H ~ - - h ~  ~ x--L exp{bT--~d-~(x--L)  ~ ] 

(1.19) 

Here, 

oy 
v, (t) _ 0 (h~ox-- hd ~=x(O-0 ' v~ (t) = ~ ~=xV)+o ( i. 2 O) 

Using the proper t ies  of the heat  potential of a double layer  [6], the following integral  equations for the functions 
vl(t), v2(t), and X(t~ a r e  obtained f rom (1.18)-(1.20): 

t t 

} ) l ( O = I K l ( t '  ~ ) ~ ) l ( ' D d ~ - ~ - ~ l ( t ) '  w-(t)=-- I K~(t,~)v~(~)-}-u ( 1 . 2 1 )  
o o 

Here, 

' ' {Ix (o - { -  I x . )  - x K~(t, T)~  2a V ~  (t--~)'12 4a ~( t -x)  J 

- -  iX (t) + X ('0--2 (i -- t)i] exp {-- [~ (t) + ~ (~) --2 (i-- l)Lp][[ 

2 (Hi-- ho) exp {-- X~ (t) (t) = ~ ~ ~ - j  

~t 

2 b (H~ -- ho) ! 1 [b't" (X (t) -- L)~} 
~(t)= ~ V~- ~ ~ P l  - 4 ~ ( t - ~ ) )  a~ 

-{- 2 (H2a ],f"--~t-- Ho) exp [-- (X (t)4 a*t- L)* 1 

(Ho -- ho) ~ {exp [-- Z~ (t) ~ --2L)~ ~ j + e x p [  - (z(t)4a~t ']} 

The solutions of the Vol te r ra  in tegra l  equat ions of the second kind (1.21) a re  [7] 

(~. = 1,2) 

(1.22) 

(1.23) 

(1.24) 

t t 

v, (O= ~ (t) + l ~ (~) s l  (t, ~) a~, ,~(t)=t~ (t)+ f t~ (~) s ,  (t, ~) d~ 
n 0 

(1.25) 

Here,  

Using (1.16), 

t t 

~ ( t ) . ~ l ( t ) + f K t ( t ,  X)~l(v)dv, 9(t):=v(t)--IK~(t,  "0 y (x) dx 
o o 

t 

G~) (t, ~) = I K~ (t, o) K~ (a, ~) do ( 1.26) 

t co 

(1.20), and (1.22)-(1.26),  we obtain the following in tegra l  equation for  • (such that  X(O) = 0): 

l 

"~ (t) -- ebt~ I (t) = I [Ke (t, "0 y (T) 4- ebt~ l (~) K1 (t J)] dx 
0 

l 

+ I [~ (x) s~(t,x) e bt - -  ~ (T) S2 (t, ~ ) l  dx 
o 

(1.27) 
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2. Le t  the in i t ia l  l e v e l  of the subso i l  w a t e r  be equal  to the w a t e r  l e v e l  in the channel  when x = L, H0 = H2. The 
above  p r o b l e m  m a y  be s o l v e d  a p p r o x i m a t e l y ,  and the funct ion X(t) obta ined,  by us ing  a d e v e l o p m e n t  of the me thod  of 
s u c c e s s i v e l y  r e p l a c i n g  the s t a t i o n a r y  s t a t e s  [8 .9] .  

We a s s u m e  that  Eq.  (1.1), with f ( h )  on i ts  r i g h t - h a n d  s ide  g iven  by (1.2), is only s a t i s f i e d  in the i n t eg ra l  s e n s e ,  
i. e . ,  a f t e r  i t  has been  i n t e g r a t e d  o v e r  the e n t i r e  r ange  0 ~ x _< L of the independent  v a r i a b l e  x: 

L L L 

= ~a -5~x~ ax + (2.1) 
O 0 0 

The funct ions  h l ( x , t ) a n d  h2(x,t) ,  s a t i s fy ing ,  r e s p e c t i v e l y ,  boundary  condi t ions  (1.7), ( 1 . 8 ) a n d  (1.11), (1.12), 
wi l l  be def ined  with b ~ 0 by the  e x p r e s s i o n s  

h t ( x , t ) = h o - ' - ( h o - - H 1 ) ~ + C ( t ) x [ x - - l ( t ) ]  ( o ~ l ( t ) )  (2.2) 

h2 (x, t) b ] sho[L- - l ( t ) ]  

_ (,... s,. (o , :  
b ]sho)[L--t(t)] 

TWO unknown func t ions  of  t, C (t) and l (t), a p p e a r  in (2.2) and (2.3). H e r e ,  l(t) is the a p p r o x i m a t e  va lue  of the 
funct ion  x(t). 

The p r o b l e m  now r e d u c e s  to f inding the funct ions  C(t) and l (t). 

To find C(t), Eq. (i.i4) will be used: 

Hence 

3hl [l (t), t] Oh2 [l (t), t I 
Ox Ox (2.4) 

l_~ H1--_ ho co r[ cH ~ f ctt k l l  C =  1 

Using  (2.1) in con junc t ion  wi th  (2.2), 
l (t), which is i n t eg rab l e  in q u a d r a t u r e s :  

(2.5) 

Here ,  

(2.3), and (2.5), an  o r d i n a r y  l i n e a r  d i f f e r en t i a l  equa t ion  can be obta ined  for  

l 

t = I F ( z ) d z  (2.6) 
~J 

F ( ~ ) =  = {[3sh ~o(L-- z) + 26zsh ~o(L-- z)ch co(L-- z) 

+ 2vz sh co (L - -  z) q- co [a + 6z 2 + (~t + vz ~) ch co (L --  z)]} 

/ (z )  = 2a 2 s h o o ( L - z )  (H 1 - h o )  s h o J ( L - z ) - A z c h c o ( L - z ) + B z }  

It can  be  shown that  

= = :~  ~ = t  h - -  c 4 )  A o ) ( h o - - 5 ~ - ) ,  B (H2- -5~-~ f ,  ~ - ( 0 + H :  2 

B = - - c H / b  +2/3ho §  1, 0 = I/6A, v = 1/6B, ~ = - - a  
(2.7) 

F ( z ) - - * o o  as  z - + x 0  

w h e r e  X 0 is the roo t  of the equa t ion  C = 0, and C is g iven  by (2.5). 

In t eg ra l  (2.6) is d i v e r g e n t  when t = X0; consequen t ly ,  t ~ :r Pu t t ing  l ( t )  = X0 and C = 0 in (2.2) and (2.3), we 
obta in  the so lu t ion  of the s t a t i o n a r y  p r o b l e m  d i s c u s s e d  h e r e .  In the ne ighborhood  of l = 0, we have  
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l = M ] / ' t  (2.8) 

cH \ -2 coL 

(2.9) 

When  b ~ 0, we h a v e  to pu t  c = b and  H = h 0 in  (2.2),  (2.3),  ( 2 . 5 ) - ( 2 . 7 ) ,  and  (2.9),  wh ich  t h e n  g ive  the  
a p p r o x i m a t e  s o l u t i o n  of ou r  p r o b l e m ,  w h e r e a s  w h e n  b = 0, t he  s o l u t i o n  is  o b t a i n e d  by  a p a s s a g e  to  t he  l i m i t  in  t h e s e  
e x p r e s s i o n s .  Le t  us  w r i t e  down t h i s  s o l u t i o n :  

h 1 (x ,  t) = ho + (ho - -  H1) x ~_~t_l + Cx  (x --  l) (0 < x < l) (2.10) 

he (x, t) t/2 + H~ ho ~ = ~ _ l - ( x - - L ) - , ~ - ( x - - l ) ( x - - L )  ( l ~ x g L )  (2.11) 

t [H. .  - -  ho ho - -  I t ,  cH 
C = TL Z = T  t + ~hT (L _ l ) ]  (2.12) 

z a ( L - - z ) ~ . + ~ z ( 2 L - - z ) + ~ ( 4 z - - 3 L ) ( L - - z )  ~ (2.13) 
/ ( z )  - (L--~) ;~(L--~)~ + ~ : ( L - - z ) + ~  

ho -~ 2Hz - -  3H~ ho --  H~ cHL 
a -- 6 ~ -- 6 , ~] --  12a~ , ~ = c [ I  (2.14) 

7 = - - 2 a  ~ ( h o - H 1 ) ,  5 = 2 a  2 ( H ~ - h o )  

M = 2~ Vh0--=-ff, (2 .15)  
~fa/6 (3//.2 - -  2H1 - -  ho + a/~cHa-~L2) 

The  s o l u t i o n  of the  c o r r e s p o n d i n g  s t a t i o n a r y  p r o b l e m  is a g a i n  o b t a i n e d  f r o m  ( 2 . 1 0 ) - ( 2 . 1 2 )  w i th  l = • and  C = 0. 

~/~. 

aO?/ '  
Q2 

00~ 008 

U s i n g  (2.8) and  (2 .15) ,  the  c o n d i t i o n  M > 0 l e a d s  to  a n  i n e q u a l i t y  i m p o s e d  on the  q u a n t i t i e s  H2, H 1, h 0, L,  a 2, cH: 

2 I r 2 
H ~  + T H x  2 a~ (2.16) 

w h i c h  i s  s a t i s f i e d  in t u r n  if  

I cHL ~ 
H 2 ~  h0 2 a~ (2.17) 

I n e q u a l i t y  (2.17) r e p r e s e n t s  the  c o n d i t i o n  f o r  the  s lope  of the  t a n g e n t  a t  any  po in t  of p a r a b o l a  (2.10) to  be  
n o n n e g a t i v e ;  w h e n  c o n d i t i o n  (2.17) is s a t i s f i e d ,  the  s lope  of the  t a n g e n t  a t  any  po in t  of p a r a b o l a  (2.11) i s  l i k e w i s e  
n o n n e g a t i v e ,  and  t he  i n e q u a l i t i e s  h 1 _ h 0, h 2 _> h 0 wi l l  ho ld  for  t he  s o l u t i o n  (2.10) ,  (2.11) w h e n  b = 0. 

W h e n  b ~ 0, i t  fo l lows  f r o m  (2.9) t h a t  M > 0 fo r  a n y  h 0 (H 2 > h 0 > Hi).  F r o m  (2.2) and  (2.3) ,  w h e r e  we h a v e  to pu t  
c = b a n d H = h  0, we h a v e  8 h l / a x >  0, ~ h 2 / ~ x >  0, i . e . ,  h l _ < h  0, h ~ _ > h  0. 

The a p p r o x i m a t e  s o l u t i o n  of our  p r o b l e m  h a s  now b e e n  ob t a ined .  

The  a c c o m p a n y i n g  f i g u r e  g ives  the  d e p e n d e n c e  of l / L  on T = a 2 t / L  2, a s  g i v e n  by  (2.6) .  H e r e ,  H 2 = 1.25 h 0, 
H 1 = 0.5 h 0, b L2 / a  2 = 1.25,  s o  t h a t  X0/L = 0.672.  

R E F E R E N C E S  

1. N. N. V e r i g i n ,  " P u m p i n g  of b i n d i n g  s o l u t i o n s  in to  r o c k  s t r a t a  in  o r d e r  to  i m p r o v e  the  s t r e n g t h  and  

598 



i m p e r m e a b i l i t y  to wate r  of the foundations of hydraul ic  engineer ing ins ta l l a t ions , "  Izv. AN SSSR, OTN, no. 5, 1952. 
2. L. I. Rubinshtein,  "Determina t ion  of the posi t ion of a boundary between two phases  in the one-d imens iona l  

Stefan 's  problem, , ,  Dokl. AN SSSR, vol. 58, no. 2, 1947. 
3. L. I. Kamynin,  "A p rob lem of hydrau l i c s , "  Dokl. AN SSSR, vol. 143, no. 4, 1962. 
4. I. I. Kolodner ,  " F r e e  boundary  p rob lem for  the heat  equation with appl ica t ions  to p r o b l e m s  of change of 

phase ,"  Comm. Pure  Appl. Math . ,  vol. 9, 1956. 
5. N. N. Koehina,  "Some solut ions  of the inhomogeneous diffusion equation," Dokl. AN SSSR, vol. 186, no. 1, 

1969. 
6. A.N.  Tikhonov and A. A. S a m a r s k i i ,  Equations of Mathemat ica l  Phys ics  [in Russ ian] ,  Gostekhizdat ,  

Moscow-Leningrad ,  1951. 
7. G. Myuntts,  In tegra l  Equations,  P a r t  1: L inea r  Vo l t e r r a  Equations [Russian t rans la t ion] ,  Gostekhizdat ,  

Moscow-Leningrad ,  1934. 
8. I. A. Charnyi ,  Foundat ions  of Underground Hydrau l ics  [in Russ ian] ,  Gostoptekhizdat ,  Moscow, 1956. 
9. A. M. P i r v e r d y a n ,  Underground Oil Hydraul ics  [in Russian] ,  Aznef te izdat ,  Baku, 1956. 

2 0 M a y 1 9 6 9  

MOS C OW 

599 


